
Incorporating Serial Correlation in Multiple Equations

Having developed techniques for incorporating serial correlation for multiple-
equation GMM, doing the same for multiple-equation GMM is straightforward,
since multiple-equation GMM is a special case of single-equation GMM. We use
“t” for the observation index here, because the issue at hand is serial correlation
between observations.

Estimation of S Without Conditional Homoskedasticity
Define gt as in (4.1.4):

gt
(
∑M

m=1 Km×1)

≡

 xt1 · εt1

...
xtM · εtM

 . (1)

Given this gt, the definition of S for multiple-equations is the same as in (6.6.1)
and (6.6.2). The expression for Γj explicitly recognizing multiple equations is

Γj = E(gtg′t−j)
(
∑M

m=1 Km×
∑M

m=1 Km)

=

 E(εt1εt−j,1xt1x′t−j,1) · · · E(εt1εt−j,Mxt1x′t−j,M )
...

...
E(εtMεt−j,1xtMx′t−j,1) · · · E(εtMεt−j,MxtMx′t−j,M )

 . (2)

To estimate S by the kernel-based method, we need to estimate Γ̂j (j =
0, 1, 2, . . . ). But the estimation is the same as in (6.6.3) on p. 408, with ĝt de-
fined as

ĝt ≡

 xt1 · ε̂t1

...
xtM · ε̂tM

 . (3)

Given {Γ̂j}, the kernel-based estimation of S proceeds exactly as described on pp.
408-410. Given {ĝt}, the VARHAC estimation of S is exactly as described on pp.
410-412.

Estimation of S under Conditional Homoskedasticity
Estimation of S under conditional homoskedasticity for single equations is described
in Section 6.7. It should be clear how the discussion can be adapted to multiple
equations. The conditional homoskedasticity assumption is

E(εmtεh,t−j |xmt,xh,t−j) = E(εmtεh,t−j) = ωmhj (m,h = 1, 2, . . . ,M). (4)

For later use, define

εt
(M×1)

≡

 ε1t

...
εMt

 , (5)

1



and let Ωj
(M×M)

be the j-th autocovariance matrix of {εt}:

Ωj
(M×M)

≡ E(εtεt−j) =

 E(ε1tε1,t−j) · · · E(ε1tεM,t−j)
...

...
E(εMtε1,t−j) · · · E(εMtεM,t−j)

 = (ωmhj). (6)

The usual argument utilizing the Law of Total Expectation (used in (6.7.3) for
single equations) implies that

Γj

(
∑M

m=1 Km×
∑M

m=1 Km)

=

 ω11j E(xt1x′t−j,1) · · · ω1Mj E(xt1x′t−j,M )
...

...
ωM1j E(xtMx′t−j,1) · · · ωMMj E(xtMx′t−j,M )

 . (7)

Estimation of Γj (j = 0, 1, . . . ) exploits this structure, by estimating Ωj (=
(ωmhj)) and E(xtmx′t−j,h) separately. Let ε̂t be the vector of estimated errors. Ωj

can be estimated as

Ω̂j
(M×M)

=
1
n

n∑
t=j+1

ε̂tε̂
′
t−j . (8)

Similarly, E(xtmx′t−j,h) can be estimated in the obvious way:

̂E(xtmx′t−j,h)
(Km×Kh)

=
1
n

n∑
t=j+1

xtmx′t−j,h. (9)

Therefore, if ω̂mhj is the (m,h) element of Ω̂j , our estimate of Γj is

Γ̂j =

 ω̂11j
1
n

∑n
t=j+1 xt1x′t−j,1 · · · ω̂1Mj

1
n

∑n
t=j+1 xt1x′t−j,M

...
...

ω̂M1j
1
n

∑n
t=j+1 xtMx′t−j,1 · · · ω̂MMj

1
n

∑n
t=j+1 xtMx′t−j,M

 (10)

for j = 0, 1, 2, . . . . This is the multiple-equation version of (6.7.4) on p. 414. Given
these estimated autocovariances, the kernel-based estimation of Ŝ is exactly the
same is in the case without conditional homoskedasticity discussed above.
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