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Solution to Chapter 2 Analytical Exercises

1. For any € > 0,
1
Prob(|z,| >¢e)=— —0 asn — oo.
n

So, plim z,, = 0. On the other hand,

which means that lim, . E(z,) = cc.
2. As shown in the hint,
(Zn = 1)* = (Zn = B(Za))* + 2(Zn — B(20))(B(Zn) — 1) + (B(Z0) — 1)*.
Take the expectation of both sides to obtain
E[(Zn — 1)°] = E[Zn — E(Z0))?] + 2B[Zn — E(Z0))(B(Z0) — 1) + (BE(Zn) — 1)
= Var(z,) + (E(Z,) — u)? (because E[Z,, — E(Z,)] = E(Z,,) — E(Z,,) = 0).
Take the limit as n — oo of both sides to obtain

lim E[(Z, — p)? = Jim Var(z,) + lim (E(z,) - w)?

=0 (because lim E(z,) =p, lim Var(z,)=0).

Therefore, 2, —ms. . By Lemma 2.2(a), this implies z, —p p.

3. (a) Since an i.i.d. process is ergodic stationary, Assumption 2.2 is implied by Assumption 2.2’.
Assumptions 2.1 and 2.2" imply that g; = x;-&; is i.i.d. Since an i.i.d. process with mean
zero is mds (martingale differences), Assumption 2.5 is implied by Assumptions 2.2’ and
2.5,

(b) Rewrite the OLS estimator as
b-8=XX)"'Xe=8S,8 (A)

Since by Assumption 2.2’ {x;} is i.i.d., {x;x}} is i.i.d. So by Kolmogorov’s Second Strong
LLN, we obtain

Sxx ;) Yx

The convergence is actually almost surely, but almost sure convergence implies convergence
in probability. Since Xy is invertible by Assumption 2.4, by Lemma 2.3(a) we get

-1 -1



Similarly, under Assumption 2.1 and 2.2’ {g;} is i.i.d. By Kolmogorov’s Second Strong
LLN, we obtain

p
which is zero by Assumption 2.3. So by Lemma 2.3(a),

Sx & = Tk 0=0.
p

Therefore, plim,_, (b — 3) = 0 which implies that the OLS estimator b is consistent.

Next, we prove that the OLS estimator b is asymptotically normal. Rewrite equation(A)
above as

vn(b —B) = S; Vng.

As already observed, {g;} is i.i.d. with E(g;) = 0. The variance of g; equals E(g;g;) = S
since E(g;) = 0 by Assumption 2.3. So by the Lindeberg-Levy CLT,

Vng = N(0,8).

Furthermore, as already noted, Sy} —, 3. Thus by Lemma 2.4(c),

V(b —B) — N(0, 3 S¥,).

4. The hint is as good as the answer.

5. As shown in the solution to Chapter 1 Analytical Exercise 5, SSRr — SSRy can be written as
SSRr — SSRy = (Rb — 1) [R(X’X)"'R/]"!(Rb — ).
Using the restrictions of the null hypothesis,

Rb —r =R(b - 3)
=R(X'X)"'X'e  (since b— 8= (X'X)"'X'¢)
=RS_ g (where g = % zn:xi- €;.).
i=1
Also [R(X'X)"'R]~" = n-[RS'R]!. So
SSRr — SSRy = (Vng)'Six R'(R S R') 'R S (Vng).
Thus

S58n — 55RU _( meys IR/ RSLIR) RS (Vig)

o —1
- Zn An Zp,

S

where

z, = RS (Vng), A,=s>RS_R"



By Assumption 2.2, plimSyx = Xyxx. By Assumption 2.5, /ng —q N(0,S). So by
Lemma 2.4(c), we have:

7, — N(O, RX ! SZ !R/).
But, as shown in (2.6.4), S = 023y under conditional homoekedasticity (Assumption 2.7).
So the expression for the variance of the limiting distribution above becomes
R !SE R =’RE_R = A.
Thus we have shown:
Zn 2 LT N(0,A).
As already observed, Sxx —p xx. By Assumption 2.7, 0% = E(¢?). So by Proposition

2.2, s> —, 0. Thus by Lemma 2.3(a) (the “Continuous Mapping Theorem”), A, —, A.
Therefore, by Lemma 2.4(d),

l -1 I A—1
z, A, zn?zA Z.

But since Var(z) = A, the distribution of z’A~'z is chi-squared with #z degrees of freedom.

. For simplicity, we assumed in Section 2.8 that {y;,x;} is i.i.d. Collecting all the assumptions
made in Section 2.8,
(i) (linearity) y; = x.8 + &;.
(ii) (random sample) {y;,x;} is i.i.d.
(iii) (rank condition) E(x;x}) is non-singular.
(2
(v

(vi

)
)

(iv) E(e?x;x}) is non-singular.
) (stronger version of orthogonality) E(g;|x;) = 0 (see (2.8.5)).
)

(
(parameterized conditional heteroskedasticity) E(?|x;) = 7.
These conditions together are stronger than Assumptions 2.1-2.5.

(a) We wish to verify Assumptions 2.1-2.3 for the regression equation (2.8.8). Clearly, As-
sumption 2.1 about the regression equation (2.8.8) is satisfied by (i) about the original
regression. Assumption 2.2 about (2.8.8) (that {€2,x;} is ergodic stationary) is satisfied
by (i) and (ii). To see that Assumption 2.3 about (2.8.8) (that E(z;n;) = 0) is satis-
fied, note first that E(n;|x;) = 0 by construction. Since z; is a function of x;, we have
E(n;|z;) = 0 by the Law of Iterated Expectation. Therefore, Assumption 2.3 is satisfied.

The additional assumption needed for (2.8.8) is Assumption 2.4 that E(z;z}) be non-
singular. With Assumptions 2.1-2.4 satisfied for (2.8.8), the OLS estimator & is consistent
by Proposition 2.1(a) applied to (2.8.8).

(b) Note that @ — & = (& — @) — (& — &) and use the hint.
(¢) Regarding the first term of (xx), by Kolmogorov’s LLN, the sample mean in that term
converges in probability to E(z;e;2;) provided this population mean exists. But

E(xieizi) = E[Z,L"JZ,L" E(sz\zl)]

By (v) (that E(g;|x;) = 0) and the Law of Iterated Expectations, E(g;|z;) = 0. Thus
E(z;e;2;) = 0. Furthermore, plim(b — §) = 0 since b is consistent when Assumptions



2.1-2.4 (which are implied by Assumptions (i)-(vi) above) are satisfied for the original
regression. Therefore, the first term of (x*) converges in probability to zero.

Regarding the second term of (#x), the sample mean in that term converges in prob-
ability to E(z?z;) provided this population mean exists. Then the second term converges
in probability to zero because plim(b — ) = 0.

(d) Multiplying both sides of () by /n,

V(6 — &) = (% iziz;)lﬁ izi. v

i=1
() [ ) S s v s 0o St

Under Assumptions 2.1-2.5 for the original regression (which are implied by Assumptions
(i)-(vi) above), v/n(b — ) converges in distribution to a random variable. As shown in
(c), L3  w;5;2; —p 0. So by Lemma 2.4(b) the first term in the brackets vanishes
(converges to zero in probability). As shown in (c), (b— 3)1 31" | 2z, vanishes provided
E(mle) exists and is finite. So by Lemma 2.4(b) the second term, too, vanishes. Therefore,

v/n(& — &) vanishes, provided that E(z;z}) is non-singular.

7. This exercise is about the model in Section 2.8, so we continue to maintain Assumptions (i)-
(vi) listed in the solution to the previous exercise. Given the hint, the only thing to show is
that the LHS of (xx) equals X S Exi, or more specifically, that plim %X’VX = S. Write S
as

S = E(eix;x})
= E[E(e} x;)xx]]
= E(z,a x;x}) (since E(e?|x;) = ziax by (vi)).
Since x; is i.i.d. by (ii) and since z; is a function of x;, zlax;x} is i.i.d. So its sample mean

converges in probability to its population mean E(zcx;x}), which equals S. The sample
mean can be written as

n
1 / !
— g Z, XX,
n

1=1

- Z VXX, (by the definition of v;, where v; is the i-th diagonal element of V)
n -

1
~X'VX.
n

8. See the hint.
9. (a)

E(gt|gt-1, 912, .-, 92)

= E[E(gtlet—1,€t—2,-- -+ €1)|9t—1, Gt—2, - - -, 2] (by the Law of Iterated Expectations)

= E[E(St‘ 5t71‘5t717 Et—2y. - 751)|gt7179t727 e ,92]

= Ele;—1 E(et|et—1,6—2, .-, €1)|9t—1,Gt—2, - - -, 92} (by the linearity of conditional expectations)
=0 (since E(e¢ler—1,6¢-2,...,€1) =0).



(b)

E(g}) = E(e} €7 1)
=E[E@E? €2 ||et-1,6t-2,.-,1)] (by the Law of Total Expectations)
= E[E(e?|et_1,6¢-2,---,€1)E0_1] (by the linearity of conditional expectations)
=E(c%?1 ) (since E(e?|et_1,6¢-9,...,61) = 02)
=0?E(e7 ).
But

E(Ef,l) = E[E(&?,lkt,l,gt,g, e = E(O’2) = g2,

(c) If {e;} is ergodic stationary, then {e;- 1} is ergodic stationary (see, e.g., Remark 5.3 on p.
488 of S. Karlin and H. Taylor, A First Course in Stochastic Processes, 2nd. ed., Academic
Press, 1975, which states that “For any function ¢, the sequence Y,, = ¢(X,,, Xnt1,.-.)
generates an ergodic stationary process whenever {X,,} is ergodic stationary”.) Thus the
Billingsley CLT (see p. 106 of the text) is applicable to /ny, = /ni Z?:jﬂ gt

(d) Since £? is ergodic stationary, 7y converges in probability to E(¢?) = o2. As shown in (c),
VA1 —4 N(0,0%). So by Lemma 2.4(c) VnZ —4q N(0,1).

10. (a)

(b)

Clearly, E(y;) =0 for all t =1,2,....

(1462 4+ 63)02 forj=0

COV(yta ytfj) =

(61 4 0102)02  for j =1,

0202 for j = 2,
0 for 7 > 2,
So neither E(y;) nor Cov(y:,y:—;) depends on ¢.
E(yt‘yt—jayt—j—la s ayO,y—l)
=E(yelet—js€t—j—15---1,€0,6-1) (as noted in the hint)
=E(e; + b1ei-1 + 026 2ler—j,60-j-1,...,€0,6-1)
€+ 01641 4+ O2e4_o for j =0,
O184—1 + 249 for j=1,
Ooci_o for j = 2,
0 for j > 2,

which gives the desired result.
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(This is just reproducing (6.5.2) of the book.) Since y; = 0 for j > 2, one obtains the
desired result.

(d) To use Lemma 2.1, one sets z, = v/ny. However, Lemma 2.1, as stated in the book, inad-
vertently misses the required condition that there exist an M > 0 such that E(|z,[*7%) < M
for all n for some ¢ > 0. Provided this technical condition is satisfied, the variance of the
limiting distribution of \/ng is the limit of Var(y/ng), which is vo + 2(71 + 72).

11. (a) In the auxiliary regression, the vector of the dependent variable is e and the matrix of

regressors is [X : E]. Using the OLS formula,
1X’e

1lF’e
n

a=B"!

X’e = 0 by the normal equations for the original regression. The j-th element of %E’ eis

n
1 1
H(ej+161 +Fepenj) = - E ere—_j.
t=5+1

which equals 7; defined in (2.10.9).

(b) The j-th column of 1X'E is %Z?:jﬂ Xt e¢—; (which, incidentally, equals 7z; defined on
p. 147 of the book). Rewrite it as follows.

n

Y

— Xt €Ct—j
n J

t=j+1
1 n
= > xilerj—xi_;(b—p))
t=j+1
IO 1 &
== Z Xe €—j— | — Z xiX;_; | (b—0)
™S s}

The last term vanishes because b is consistent for 3. Thus % S j+1 Xt €4—j converges in
probability to E(x;-e4—j).
The (4,7) element of the symmetric matrix %E’E is, for ¢ > j,

1 1
—(e1qi—jer + -+ ep_jen_i) = — E €€t (i—75)-
n n ‘.

t=1+i—j



Using the relation e; = e — x}(b — 3), this can be rewritten as

n—j 1 n—j

1
n Z Et€t—(i—j) — n Z (thtf(ifj) + th(z;j)&)/(b - 5)
t=14i—j t=1+i—j

—(b— ﬁ)’(% f xtx;_(,;_j))(b - B).

t=1+i—j

The type of argument that is by now routine (similar to the one used on p. 145 for
(2.10.10)) shows that this expression converges in probability to v;_;, which is 2 for i = j
and zero for i # j.

As shown in (b), plim]§ = B. Since Xxx is non-singular, B is non-singular. So B!
converges in probability to B~!. Also, using an argument similar to the one used in (b)
for showing that plim %E’ E =1,, we can show that plim% = 0. Thus the formula in (a)
shows that @ converges in probability to zero.

The hint should have been: “1E’e = 5. Show that 228 = Le/e — &' 9 .” The SSR from
( Ee=7 " 5

n

the auxiliary regression can be written as

1 C A T
ESSR = E(e — X :Ela)(e—[X: E]a)
1 DA : . .
= E(e - [X: Ela)e (by the normal equation for the auxiliary regression)
1 1. .
= —e'e— —a'[X:E]e
n n
1x’e
=—-¢ee-a' | "
n 1E'e
1 | 0 1 ~
= —ee—a’ l . (since X'e = 0 and —E’e = 7).
n q n

As shown in (c), plim & = 0 and plim% = 0. By Proposition 2.2, we have plim 1e’e = o2.
Hence SSR/n (and therefore SSR/(n — K — p)) converges to o2 in probability.
Let

RE{ 0 Ip}, V=[X:E|
(pxK)

The F-ratio is for the hypothesis that Ra = 0. The F-ratio can be written as

_ (R@) [R(V'V)"'R'] ' (Ra)/p
B SSR/(n — K — p) ’




Using the expression for & in (a) above, Ra can be written as

_ . 0
Ra=| o ' 1, |B"|"Y
(oxK) 7 Y
) h (px1)
) ) Bl B2
_ 0 | (KxK) (Kxp) (K x1)
I (pXK) N P B21 B22
(pxK)  (pxp) (px1)
:]§22§. (xx)

Also, R(V'V)~IR/ in the expression for F can be written as

1 = 1 .
R(V'V)"'R' = ERB‘l R’ (since EV’V =B)

]§11 ]§12 0
_1 | [EXE Ex) || k)
n | (pxK) P B2! B?? 1
(pxK)  (pxp) P
1~
= —-B%,

Substitution of (x x x) and (#x*) into (*) produces the desired result.
(f) Just apply the formula for partitioned inverses.

(g) Since \/np —/ny/o* —, 0 and E3 —p @, it should be clear that the modified Box-Pierce
Q (= n-p'(I, — ®)~'p) is asymptotically equivalent to n'AyI(IQ— ®)~15/0*. Regarding the
pF statistic given in (e) above, consider the expression for B?? given in (f) above. Since
the j-th element of 2X'E is fz; defined right below (2.10.19) on p. 147, we have

23 = (lE’X) S;! (lX’E),
n n

S0

522 Lo 23]

B% = [-EE - 53|

n
As shown in (b), LE'E —, ¢°I,. Therefore, B2 —p 25 (I, — ®)7!, and pF is asymptoti-
cally equivalent to n¥'(I, — ®)~'5/0%.
12. The hints are almost as good as the answer. Here, we give solutions to (b) and (c) only.

(b) We only prove the first convergence result.
1 Lo (1< , I —
=Y xxy == =) x| = A2 xx) |-

The term in parentheses converges in probability to Xxx as n (and hence r) goes to infinity.

(c) We only prove the first convergence result.

1 \/? ( 1 & ) ( 1 &
—thft: — —thft :\/X 72)(15'6}/ .
v t=1 n \Vr t=1 vr t=1
The term in parentheses converges in distribution to N(0,023y) as n (and hence 7) goes
to infinity. So the whole expression converges in distribution to N (0, A 023yy).



